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•The Tolman-Oppenheimer-Volkov (TOV) equation appears as the relativis-

tic counterpart of the classical condition for hydrostatic equilibrium.

It applies to spherical systems [1], [2].

and establishes that static equilibrium requires the negative pressure gradient

dP
dr

= � r + P
1 � 2GM

r

✓
M
r2 + 4pPr

◆
. (1)

In the latter expression (r + P) accounts for the relativistic inertia, (1 � 2GM/r)�1

conveys the spatial curvature, and M = M(r) = 4p
R

r(r0) dr0 is the Misner-Sharp-
Hernandez (MSH) gravitational mass within the spherical shell of radial coordinate r.

• In the present work we generaliseTOV equation to the equilibrium of models

endowed with other symmetries besides spherical.

We envisage spacetime environments characterised by the line elements

ds2 = �a2(Y) dT2 +
dY2

e � 2µ(Y)
Y

+ Y2 dW2
e (2)

where e = 0, ±1 distinguishes the 3 possible curvatures: e = 0 corresponds to flat spa-
tial hypersurfaces, e = +1 corresponds to closed spatial hypersurfaces, and e = �1
corresponds to open spatial hypersurfaces, endowed with negative curvature
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•We apply the dual null formalism to spacetimes with a perfect fluid as the

source.

n = t

e

kl

ka=(na+ea)/2

la=(na-ea)/2Null vectors

•Assuming static solutions a (i.e., the existence of a Killing vector field or-

thogonal to the surfaces of symmetry).

We obtain the generalised equation
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which is what we call the unified TOV equation.

•Definition of a quasi-local energy

In order to treat the open geometries we have have put forward an extended definition
of a quasi-local energy, since the Hawking-Hayward (as well as the MSH) definition only
applies to compact foliations.
We propose the quasi-local mass-energy parameter µ(Y) by

MS =
µ(Y)
4p

Z
S2

e(q) dqdf . (4)

(See details and discussion in Ref [1]).

The physics behind the models is deeply di↵erent!

•Static solutions which are not spherically symmetric violate the weak energy

condition (WEC)

•So open spacetimes tend to be endowed with a repulsive tension.

A notorious example is provided by the cosmological constant L.

• Incompressible fluid solutions

We illustrate our unified treatment obtaining analogs of Schwarzschild interior solution,
for an incompressible fluid r = r0 constant. (See Refs. [3] and [4]).
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Figure 1. Pressure as function of Y for Yg = 1 and |Ys| = 0.25 for � = 1, � = 0 and
� = �1.

which we replace in equation (45) to obtain
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where Yg is the analog of the radius of the object and is the least positive number that sat-

isfy P(Yg) = 0, Ys =
8��0Y3

g
3 is the analog of the Schwarzschild radius, although it cannot be

interpreted as a location since it will be a negative number. This gives
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which has a similar form to the interior Schwarzschild solution, where we only change the sign
of the mass-energy parameter and change the value of � in the formula. Of course the physical
properties are very distinct, since the solutions violate the WEC.

In figure 1 we compare the pressure for the three cases. From the slope of the curves, we
notice that only the hyperbolic case presents P0 > 0, compensating the repulsive gravity force
in this setup. This is the opposite of the more familiar situations presented in the spherical and
planar cases, where gravity is attractive, with P0 < 0 sustaining the weight of the configuration.
We can also see that the planar case admits a positive pressure for 0 < Y < Yg. That means
that, as long as mass-energy is negative, we may have static plane configurations over a finite
Y interval. On the other hand, the hyperbolic solution only admits positive pressure for Y > Yg,
so there is no analog of the Schwarzschild interior solution for this foliation, although it can
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Some popular models for modified gravity theories that aim to explain large scale phe-
nomena, such as cosmological inflation and dark energy, also violate energy conditions, and
there are several arguments in the literature suggesting those energy conditions should be
abandoned as a criterion of viability of models.
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